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A population balance model is developed for the prediction of the average gas holdup
and axial gas holdup profile in the bubble columns operating in the homogeneous regime.
The model takes into account the effect of bubble expansion along the column height and
thus it is applicable to tall columns such as flotation columns in the mineral processing
industries. The model captures the effect of superficial gas and liquid velocities, bubble
rise velocity, operating pressure, and column height on the gas holdup. In the case of flo-
tation columns, because of the presence of surfactants in the liquid phase, froth is
observed at the top of the column. Typically, froth shows the axial profile of gas holdup
and the mean bubble size, indicating that the coalescence is an important phenomenon to
describe the dynamics of the froth. A probabilistic perspective is developed to address the
bubble coalescence process occurring in the froth and the bubble transition probability
for coalescence is obtained from experimental data in the literature. � 2007 American Institute

of Chemical Engineers AIChE J, 53: 579–588, 2007

Introduction

Bubble column reactors are used in a variety of industrial
processes for gas–liquid or gas–liquid–solid contacting. As a
result of the complexities of multiphase turbulent flows, the
rates of momentum heat and mass transfer in bubble columns
cannot be predicted from first principles. The design proce-
dures primarily rely on empirical or semiempirical rules. A
large number of correlations have been reported in the pub-
lished literature for the prediction of average gas holdup, heat
and mass transfer coefficients, dispersion coefficient, and the
like. However, these correlations lack generality and thus pre-
dictions for the unknown gas–liquid systems become difficult.
For instance, the average gas holdup in the bubble column at

superficial gas velocity of 40 mm/s is reported in the range of 5

to 40%.1 The hydrodynamics of bubble columns depend on

such operating parameters as superficial gas and liquid veloc-

ities and pressure; column dimensions such as column diameter

and height to diameter ratio; the characteristics of sparging

devices; and the physicochemical properties of gas and liquid

phases such as density, viscosity, surface tension, and the pres-

ence of surface-active contaminants in the liquid phase—the

number of variables affecting the hydrodynamics is thus very

large.
Typically the empirical correlations developed for bubble

columns are applicable for a specific regime of operation only.
Depending on the nature of gas–liquid dispersion, the bubble
columns operate in the homogeneous or heterogeneous regime.
The homogeneous regime is characterized by uniformity of
properties of gas–liquid dispersion across the column cross
section and thus the holdup and liquid velocity profiles are
indeed flat. The bubble size is almost uniform, with mean bub-
ble diameter generally not exceeding 5 mm. The length scale
of the turbulence is of the order of bubble diameter. Such a
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regime is generally observed at lower superficial gas velocities
(<50 mm/s). At higher superficial gas velocities, the column
generally operates in the churn-turbulent regime (heterogene-
ous regime), which is characterized by liquid circulation and a
radial gas holdup profile. The vortical structures in the form of
circulation cells span the entire column and thus the length
scale of the turbulence is of the order of column dimensions. A
wide bubble size distribution exists that is governed by the rel-
ative magnitudes of bubble coalescence and breakup rates.

For successful design of bubble columns, a thorough under-
standing of fluid mechanics of gas–liquid flows is required.
The mechanics of gas–liquid flow is profoundly dependent on
the bubble size. Depending on the bubble size, their rise veloc-
ities can vary from 50 to 500 mm/s. The bubble size appreci-
ably affects the gas holdup. Further, the bubble shape is also
dependent on its size. Generally the small-sized bubbles having
diameter < 2 mm are spherical and they rise in rectilinear
paths. The shapes of large-diameter bubbles can be ellipsoidal
or spherical cap and they may exhibit a wobbling motion.2

Obviously, bubble size also affects the interfacial area avail-
able for gas–liquid mass transfer.

Because of the fundamental importance of bubble size in
gas–liquid flows, the predictions of bubble size distribution
become very important for the understanding of the hydrody-
namics of bubble columns. When the bubble coalescence and
breakup are insignificant, the bubble size distribution and thus
the mean bubble size are governed by the sizes of the bubbles
generated at the gas sparging device and their velocities
through the column. This is typically the situation for the ho-
mogeneous regime of operation of bubble columns. On the
other hand, when the bubble coalescence and breakup are sig-
nificant, the evolution of the bubble size distribution is also
governed by the relative magnitudes of bubble coalescence and
breakup rates. Population balance modeling offers a natural
framework for such considerations.3–6 In this work, we have
focused primarily on the prediction of the gas holdup profile
and the average gas holdup in a bubble column reactor based
on population balance modeling. Herein we consider the case
of bubble columns operating in the homogeneous regime with
no bubble coalescence and breakup. The model developed is
tested for the data from the literature where the bubble coales-
cence and breakup are indeed negligible. Such a simple model
is able to capture the dependency of gas holdup on such varia-
bles as superficial gas and liquid velocities, bubble rise veloc-
ity, operating pressure, and column height.

Population Balance Model for the
Homogeneous Regime

The homogeneous regime is obtained when the superficial
gas velocity in the column is low (typically <50 mm/s) and the
gas sparging is uniform over the column cross section. Further,
the sizes of the bubbles generated at the sparger need to be
small. The presence of surface-active components, which pre-
vent bubble coalescence, extends the stability of a homogene-
ous regime. The objective is to determine the gas holdup in the
column. The model presented here builds on basic features
of a preliminary formulation for gas holdup, presented by
Ramkrishna.6 Accordingly, we consider a simple one-dimen-
sional (axial) flow of the gas and liquid in a bubble column.
Because ideal bubbly flow is assumed, the bubbles rise without

interacting with each other. Also no random bubble motion is
assumed in this development. As the bubbles rise along the col-
umn axis, they expand as the result of a reduction in the hydro-
static head in accordance with the ideal gas law. The bubbles
generated at the sparger eventually reach the column top where
they disengage from the liquid phase. Bubbles approaching a
gas–liquid interface at the top are slowed down by a draining
film so that this could have an effect on the gas holdup. Typi-
cally, froth is formed in the bubble columns containing surfac-
tants in the liquid phase. Bubble coalescence is an important
aspect of hydrodynamics of the froth. A probabilistic perspec-
tive is developed to address the bubble coalescence and to
explain the experimental observations of Yianatos et al.7

Population Balance Model without Bubble
Retardation Effect at the Top

Let the expected number of bubbles with volume between x
and x þ dx, at height (axial location) between z and z þ dz be
f1(x, z)dxdz. Given that at any axial location z, bubble distribu-
tion is assumed to be independent of location along a given
cross section, the number density function f1 may be regarded
as averaged over the cross section of the column. Because the
bubble column is assumed to be operated at steady state, time
does not appear in the number density function. In the absence
of bubble coalescence and breakup, the population balance
equation is given by

q
qx

½ ˙Xf1ðx; zÞ� þ q
qz

½ ˙Zf1ðx; zÞ� ¼ 0 (1)

where _X and _Z are the velocities along the x and z coordinates,
respectively. _X represents the rate at which the bubble volume
increases, whereas _Z represents the bubble rise velocity with
respect to stationary coordinates. The boundary condition for
Eq. 1 is obtained by requiring that

f1ðx; 0Þ ¼ N0f ðxÞ (2)

where N0 is the total number density and f(x) is the size distri-
bution of the bubbles emerging from the sparger.

The bubble rise velocity with respect to stationary coordi-
nates ˙Z is the sum of the local liquid velocity and bubble slip
velocity. The bubble slip velocity is not an entirely well char-
acterized quantity because it is influenced by the presence of
neighboring bubbles. For monodisperse systems, the slip veloc-
ity is related to the terminal rise velocity by the Richardson–
Zaki correlation, which characterizes the hindrance effect for
the multiphase dispersion.8 However, for the present, we make
a simplification that the bubble slip velocity is equal to the ter-
minal rise velocity and is a simple function of bubble volume.
Incorporation of the hindrance effect in the population balance
model is performed at a subsequent stage. Thus, for now we set

˙Z ¼ uL þ Axb (3)

Here Axb is the terminal bubble rise velocity, where A and b
are constants depending on the drag law used to describe the
motion of a single bubble in the stagnant liquid. For example,
the value of b is 2/3 when the drag coefficient is specified by
Stokes’ law, whereas b is 1/6 according to the Davies–Taylor
law.2
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Because we are concerned with one-dimensional flow, bub-
ble rise velocity and liquid velocity can be regarded as aver-
aged over the column cross section. Thus, in the absence of net
liquid flow, the liquid velocity at any location in the column is
zero. When the net liquid throughput is present, as in the case
of cocurrent or countercurrent bubble columns, then the local
liquid velocity can be considered as the cross-section–averaged
interstitial liquid velocity. To facilitate an analytical solution to
the population balance equation, we consider the simplest case
whereby the value of local liquid velocity is constant at any
axial location and is given as

uL ¼ VL=2L (4)

where VL is superficial liquid velocity and 2L is the average
liquid holdup in the column, given by

2L ¼ H0

H
(5)

where H0 is the clear liquid height, which is the height of liquid
column in the absence of gas throughput, and H is the height of
gas–liquid dispersion. Our objective is to find out the average
gas holdup or the height of dispersion H for a given H0 and the
phase flow rates.

To obtain the rate at which the bubble volume increases ( _X),
we use the ideal gas law. The bubbles expand as they rise in
the column as the result of a reduction in the hydrostatic head.
At constant temperature and assuming no mass transfer from
gas to liquid, we can express the bubble volume at any axial
location z as follows:

x ¼ x0
Ha þ H0

Ha þ H0 � z ðH0=HÞ
� �

(6)

Here Ha is the pressure head acting on the top of the column
(Ha ¼ P0/rLg). To obtain the analytical solution for Eq. 1 using
the method of characteristics, we recognize that z itself can be
used as a variable along the characteristic. Thus,

dx

dz
¼

˙X
˙Z

(7)

From Eqs. 6 and 7, the rate at which bubble volume increases
can be obtained as follows:

˙X ¼ xðH0=HÞ˙Z
Ha þ H0 � zðH0=HÞ (8)

Equation 1 is now integrated along the characteristic. Recog-
nizing that d _Z/dz ¼ 0, the number density function can be
obtained, after some simplifications, as

f1ðx; zÞ ¼ N0f ðx0Þ Ha þ H0 � z ðH0=HÞ
Ha þ H0

� �bþ1

� uL þ Axb0

uL
HaþH0�zðH0=HÞ

HaþH0

h ib
þAxb0

8><
>:

9>=
>; ð9Þ

The height of the gas–liquid dispersion H is, in fact, unknown
and can be obtained from the mass balance on the gas phase:

H � H0 ¼
Z1
0

xdx

ZH
0

f1ðx; zÞdz (10)

By substituting the solution for the number density function
from Eq. 9 and introducing the transformation from Eq. 6, the
following expression for the gas holdup is obtained:

2G ¼ H � H0

H
¼ f0

b

Ha þ H0

H0

8>: 9>; VL=2L þ Axb0
VL=2L

8>>: 9>>;
� ln

VL=2L þ Axb0
VL=2L½Ha=ðHa þ H0Þ�b þ Axb0

( )
ð11Þ

In deriving Eq. 11 it is assumed that the monosized bubbles of
size �x0 are generated at the sparger. Thus, the bubble size distri-
bution emerging from the sparger is described by a Dirac-delta
function:

f ðx0Þ ¼ dðx0 � x0Þ (12)

Further, we have set f0 ¼ N0�x0 for the volume fraction of the
gas at the sparger. It can be seen that Eq. 11 must be solved
iteratively to obtain the average gas holdup.

The average superficial gas velocity in the column can be
obtained as

VG ¼ G

ðrGÞavg
(13)

where G is the mass flux of the gas at any location z in the col-
umn, which is given by

GðzÞ ¼
Z1
0

rGxf1ðx; zÞ ˙Zdx (14)

By substituting the expression for the number density and gas
velocity from Eqs. 9 and 3 and introducing the transformation
of variable from Eq. 6, the following expression is obtained for
the gas mass flux:

GðzÞ ¼ rGf0ðAxb0 þ uLÞ Ha þ H0

Ha þ H0 � zH0=H

8>>: 9>>; (15)

Because the density of gas at any axial height z is proportional
to the total pressure at that point {rGa[Ha þ H0 � z(H0/H)]},
Eq. 15 indicates that the gas mass flux is (as it should be) inde-
pendent of axial location in the column. The following expres-
sion for the superficial gas velocity is obtained:

VG ¼ f0ðuL þ Axb0Þ
Ha þ H0

Ha þ H0=2

8>>: 9>>; (16)

The gas holdup at the sparger (f0) is not an easily accessible
quantity. Further, most of the data on the homogeneous regime
are in the form of average gas holdup vs. superficial gas veloc-
ity. Thus, f0 can be eliminated from Eqs. 11 and 16 and the
average gas holdup can be obtained as a function of superficial
gas velocity as follows:
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2G ¼ VG

b

Ha þ H0=2

H0

8>: 9>; 1

VL=2L

8>>: 9>>;
� ln

VL=2L þ Axb0
ðVL=2LÞ½Ha=ðHa þ H0Þ�b þ Axb0

( )
ð17Þ

Equation 17 describes the 2G vs. VG relationship for a continu-
ous bubble column operating in the homogeneous regime. The
value of b can be obtained from the drag law that governs the
bubble motion as shown later. It is interesting to observe that
Eq. 17 allows a comparison of model prediction to data avail-
able in the literature in spite of the uncertainty associated with
the bubble size at the sparger and the bubble velocity at the
sparger (and elsewhere) in the column. This is accomplished
by demanding consistency with directly fitting the bubble ve-
locity at the sparger without having to individually resolve the
values of A, b, and �x0.

For the bubble column operating in the semibatch mode, the
liquid velocity uL ¼ 0. In this case, the population balance
model (Eq. 1) can be solved using the method of characteristics
in a similar manner to yield the following expressions, respec-
tively, for the number density, average gas holdup, and superfi-
cial gas velocity:

f1ðx; zÞ ¼ N0f ðx0Þ Ha þ H0 � zðH0=HÞ
Ha þ H0

8>: 9>;bþ1

(18)

2G ¼ f0

b

Ha þ H0

H0

8>: 9>; 1� Ha

Ha þ H0

8>: 9>;b� �
(19)

VG ¼ f0ðAxb0Þ
Ha þ H0

Ha þ H0=2

8>>: 9>>; (20)

Thus, for the semibatch bubble column,

2G ¼ VG

Axb0

Ha þ H0=2

H0b

8>: 9>; 1� Ha

Ha þ H0

8>: 9>;b� �
(21)

It must be noted that Eq. 21 can also be obtained by taking the
limit of Eq. 17 as VL ? 0. Obviously, the semibatch bubble
column can be considered as a special case of continuous bub-
ble column with superficial liquid velocity equal to zero.

The atmospheric pressure head Ha% 10.33 m of water column.
Generally, the height of the liquid column H0 in a typical labora-
tory experiment is about 1 m. Under these circumstances, the
increase in the bubble volume as bubbles rise from the sparger to
the top is negligible and thus the bubble rise velocity is also practi-
cally identical everywhere in the column and is equal to the rise
velocity of the bubbles at the sparger. It has been assumed here
that the bubble reaches its steady-state rise velocity immediately at
the sparger (z¼ 0) where it is formed. In this case, the average gas
holdup and superficial gas velocity can be obtained from Eqs. 19
and 20 by taking the limit (H0/Ha)? 0, which gives

2G ¼ f0 (22)

VG ¼ f0ðAxb0Þ (23)

Thus the average gas holdup in the column is the same as the
gas holdup at the sparger and the (constant) bubble rise veloc-
ity is equal to the ratio of superficial gas velocity to average
gas holdup in the column. This is an obvious result for the bub-
ble columns operating in the homogeneous regime with a con-

stant bubble size throughout the column. The population bal-
ance model developed in this work essentially captures this
result as a special case.

The gas holdup at any height z in the column can be obtained
as

2G ðzÞ ¼
Z1
0

xf1ðx; zÞdx (24)

By substituting for the number density from Eq. 18 and using
the transformation from Eq. 6, the following result is obtained:

2G ðzÞ ¼ f0

Ha þ H0 � zðH0=HÞ
Ha þ H0

8>: 9>;b�1

(25)

Figure 1 shows the evolution of gas holdup along the column
height in a semibatch bubble column for different values of b.
As the bubbles rise in the column they expand, which tends to
increase the gas holdup. However, as the bubble size increases,
the rise velocity also increases, resulting in a reduction in the
residence time of the bubbles in the column and thus tending to
decrease the gas holdup. The overall effect of these two factors
on the gas holdup depends on the value of constant b. The
model predicts an increase in the gas holdup along the column
height when b < 1 and a decrease in the gas holdup along the
column height when b > 1. At b ¼ 1, the gas holdup remains
the same at any location in the column, its value being equal to
the value of gas holdup at the sparger. The value of constant b
depends on the drag law that governs the steady-state motion
of a bubble in stagnant liquid and is usually dependent on the
bubble size itself. When Stokes’ law is used to describe the
steady-state motion of a single bubble, b ¼ 2/3. However, it is
applicable only for very fine bubbles having Reynolds number
� 1. The homogeneous regime in bubble columns is typically
characterized by the bubbles having diameter between 1 and
5 mm. It is difficult to specify the rise velocity as a function of
bubble diameter in this range. For example, a bubble of diame-
ter 2 mm can have a rise velocity anywhere from 0.15 to
0.30 m/s.2 Depending on the presence of surface-active con-
taminants at the gas–liquid interface and deformation of bub-

Figure 1. Variation of gas holdup along the column
height for different values of b.

H0 ¼ 10 m, f0 ¼ 0.2.
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bles, the bubble rise velocity can vary over a wide range and
thus the value of b can be anywhere from 0 to 0.5 for practical
cases in bubble columns. For pure liquids (having no surface
active contaminants) and for a certain range of bubble diame-
ters, the rise velocity can even decrease with an increase in the
bubble size.9 However, in all the cases the value of constant b
is <1 and thus the gas holdup can increase only with an
increase in the column height in the bubble column operating
in the homogeneous regime in the absence of bubble coales-
cence and breakup.

Experimental measurements by Gomez et al.,10 Zhou and
Egiebor,11 and Yianatos et al.12 support this result. Gomez
et al.10 reported an increase of roughly 100% in the gas holdup
from the bottom to the top of the collection zone in the flotation
column of height 10 m. Typically, the collection zone in the
flotation column is known to operate in the homogeneous re-
gime. Figure 2 shows a comparison of the axial gas holdup pro-
file measured by Zhou and Egiebor11 with the predictions of
the model developed in this work. A consistent increase in the
gas holdup with the column height is essentially captured by
the model. It must be noted that the increase in gas holdup
along the column height becomes significant only for the tall
columns. For typical laboratory bubble columns of height of
the order of 1 m, the increase in the gas holdup along the col-
umn height is negligible for all practical purposes.

Figure 3 shows the predictions of Eq. 21 for the average gas
holdup with the rise velocity of the bubbles generated at the sparger
(A�x0

b) as a parameter for the semibatch bubble column. The 2G vs.
VG relationship is seen to be linear, as expected, for the homo-
geneous regime. Further, the gas holdup decreases with an
increase in the rise velocity of the bubbles. As the bubble rise
velocity increases, the residence time of the bubbles in the col-
umn decreases, thus resulting in a decrease in the gas holdup.

With an increase in the operating pressure, the gas holdup
also increases. However, the effect of pressure is also depend-
ent on regime of operation. At high pressure, bubble coales-
cence is suppressed and small bubbles are formed as a result of

the instability of large bubbles.13 Thus there is a substantial
increase in the gas holdup with an increase in the pressure
when the bubble column is operating in the heterogeneous re-
gime.13,14 However, for the homogeneous regime, in the ab-
sence of bubble coalescence, breakup, and liquid flow pattern,
the effect of pressure on the gas holdup is expected to be mini-
mal. This is indeed evident from the measurements of gas
holdup at low superficial gas velocities (whereby the homoge-
neous regime is ensured) carried out by Wilkinson13 and Let-
zel14 at various operating pressures. By varying the quantity Ha

in Eq. 21, the effect of pressure on the gas holdup can be
observed. When the top of the column is open to the atmos-
phere, Ha represents atmospheric pressure head, which is 10.33
m of the water column. Thus an increase in Ha represents the
increase in operating pressure. Although the gas holdup is seen
to increase with the pressure from Figure 4, the effect of pres-

Figure 2. Comparison of predictions of Eq. 25 (b = 1/6)
with the gas holdup data in a laboratory-scale
flotation column of height 9.5 m.

Data from Zhou and Egiebor.11

Figure 3. Variation of average gas holdup with superfi-
cial gas velocity for different terminal bubble
rise velocities.

1: A�x0
b ¼ 0.10 m/s; 2: A�x0

b ¼ 0.15 m/s; 3: A�x0
b ¼ 0.20 m/s;

H0 ¼ 10 m, b ¼ 1/3.

Figure 4. Variation of average gas holdup with superficial
gas velocity for different operating pressures.

H0 ¼ 10 m, b ¼ 1/3, A�x0
b ¼ 0.15 m/s.
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sure is not very significant. Further, for the bubble column
where the height of the liquid column H0 is much less than the
pressure head on the top (Ha), the gas holdup is virtually con-
stant and is independent of pressure.

Until now, we have considered bubble slip velocity to be
equal to the bubble rise velocity. In other words, the hindrance
effect was neglected. Apart from bubble volume, slip velocity
is also dependent on the local gas holdup. For monodispersed
gas–liquid systems, the Richardson–Zaki-type correlation8 can
be used for the estimation of bubble slip velocity:

Vs ¼ ðAxbÞ 2m�1
L : (26)

We use the average liquid holdup instead of local liquid holdup
in Eq. 26 for the estimation of slip velocity. This is not a drastic
simplification for a bubble column operating in the homogene-
ous regime, especially when the column height is not large,
so that the local liquid holdup is practically identical to the
average liquid holdup in the column. Because the average liq-
uid holdup is a constant (although unknown), it eliminates the
spatial dependency of slip velocity. Thus the bubble velocity
with respect to stationary coordinates is given by

Ż ¼ uL þ ðAxbÞ2m�1
L (27)

The population balance equation (Eq. 1) can be solved in conjunc-
tion with Eq. 27 and the expressions for the average gas holdup
and superficial gas velocity can be obtained. For the case of a
semibatch bubble column, the average gas holdup is given as

2G ¼ VG

Axb02m�1
L

Ha þ H0=2

H0b

8>: 9>; 1� Ha

Ha þ H0

8>: 9>;b� �
(28)

A problem arises, however, with the estimation of m, which is
the Richardson–Zaki index, for which various investigators have
reported different values. The value of m is known to vary from
1 to 2.4 for the bubble columns.15 In the case of monodispersed
solid particles in the liquid or gas phase, the Richardson–Zaki
index can be defined based on the particle Reynolds number.
However, the behavior of bubbles can be dramatically different
from that of solid particles. The gas–liquid interface can be
regarded as rigid when the surface-active impurities are present
at the interface and the behavior of the bubbles is similar to that
of solid particles. The bubbles in a pure liquid exhibit a partially
mobile gas–liquid interface. Because it is difficult to characterize
the extent of contamination of the gas–liquid interface, estima-
tion of the Richardson–Zaki index also becomes difficult. In this
work, we have assumed that the value of m is given. Figure 5
shows 2G vs. VG variation for the semibatch bubble column for
the various values of Richardson–Zaki index. It is seen that for
a given superficial gas velocity, the gas holdup increases with
an increase in the value of m. This is obviously expected
because the value m characterizes the hindered motion of bub-
bles. As the value of m increases, the bubble velocity with
respect to fixed coordinates decreases, leading to an increase in
the gas holdup. From Figure 5, it is also seen that the linearity
of the 2G vs. VG relationship is valid only for unhindered bub-
ble motion for which m ¼ 1.

Figures 6A and 6B show 2G vs. VG variation for various val-
ues of superficial liquid velocities. The value of superficial liq-
uid velocity is considered negative or positive depending on

the countercurrent or cocurrent mode of gas–liquid flows,
respectively. Thus, for a given value of bubble slip velocity,
the bubble velocity with respect to stationary coordinates is
higher for cocurrent flow than that for countercurrent flow.
This explains the observed gas holdup behavior. The average
gas holdup is higher for a countercurrent bubble column. Schu-
gerl et al.16 observed that the superficial liquid velocity does
not affect the average gas holdup in the homogeneous regime.
On the other hand, Finch and Dobby17 observed that the gas
holdup is appreciably affected by the superficial liquid veloc-
ity. The observations of both groups can be explained by the
model developed in this work. Equation 17 predicts that the
effect of superficial liquid velocity on the average gas holdup
diminishes as the value of bubble slip velocity increases, which
is evident from Figures 6A and 6B. Finch and Dobby17

obtained the gas holdup data from the laboratory flotation col-
umn. They used a ceramic sparger, which produces very fine
bubbles with diameters typically not exceeding 2 mm. Further,
the liquid phase contained Dowfroth 250, a frother that main-
tains very small bubbles in the liquid phase. Typically, the val-
ues of slip velocity in their flotation experiments were not
>70 mm/s and thus the gas holdup was substantially affected
by superficial liquid velocity. Figure 6A depicts this situation
where the effect of superficial liquid velocity on the gas holdup
is significant. On the other hand, Schugerl et al.16 obtained the
gas holdup in a fermentation column where the values of bub-
ble slip velocity were in excess of 150 mm/s and thus the effect
of superficial liquid velocity on the gas holdup was seen to be
negligible. Figure 6B depicts the corresponding situation. The
comparison of gas holdup data obtained by Finch and Dobby17

with the model predictions is shown in Figure 7.
In a typical laboratory bubble column using air and water as

dispersed and continuous phases, respectively, bubble coales-
cence is unavoidable even at low gas flow rates in the bubbly
flow regime.16 However, because of the presence of a frother
in the liquid phase, bubble coalescence and breakup can be
completely neglected in the collection zone of a typical flota-

Figure 5. Variation of average gas holdup with superfi-
cial gas velocity for different values of Richard-
son–Zaki index.

H0 ¼ 10 m, b ¼ 1/3, A�x0
b ¼ 0.20 m/s.
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tion column. Thus, the flotation column also offers an opportu-
nity to test the predictions of the model developed in this work;
it is already evident from the successful predictions of the gas
holdup as shown in Figures 2 and 7. Further, Figure 8 shows
the comparison of the experimental gas holdup obtained by Xu
and Finch18 with the model predictions for a flotation column.
These investigators used cloth spargers having different sur-
face areas in the flotation columns. Each sparger was character-
ized by the quantity RS, defined as

RS ¼ AC

AS
(29)

where AC is the cross-sectional area of the column and AS is the
surface area of the sparger. The diameter of the bubbles pro-
duced by the sparger was correlated as

dB ¼ C1ðRSVGÞq ðRS , 1Þ (30)

where C1 and q are constants. Typically, q ^ 0.25.18 As the
value of RS increases, the size of the bubbles produced by the

particular sparger increases. This obviously leads to an in-
crease in the bubble rise velocity in the column and the gas
holdup decreases. From Figure 8, it is evident that the model
essentially captures the correct trends in the gas holdup data
for the spargers having different values of RS.

Model for Froth

The population balance model for the homogeneous regime
assumed bubbles to rise at their respective terminal velocities.
However, the bubbles approaching a free gas–liquid interface
are slowed down because of the effects of surface tension caus-
ing an increase in the gas holdup near the interface. This region
near the gas–liquid free surface with relatively higher gas
holdup is commonly referred to as froth (see Figure 9). In a
continuous column, the height of the froth zone depends on the
stability of the froth. When air is bubbled through ordinary tap

Figure 7. Comparison of the gas holdup data for coun-
tercurrent flotation column17 with the model
predictions.

Figure 6. Variation of average gas holdup with superfi-
cial gas velocity for different values of superfi-
cial liquid velocities.

H0 ¼ 10 m, b¼ 1/3. (A) A�x0
b ¼ 0.06 m/s; (B) A�x0

b ¼ 0.20 m/s.

Figure 8. Comparison of the gas holdup data for coun-
tercurrent flotation column with cloth spargers
of different surface areas18 with the model pre-
dictions.

VL ¼ 3 mm/s.
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water, the froth height is generally very small. However, the
presence of surface-active components such as frothers stabil-
izes the froth and the froth height increases. In a typical contin-
uous flotation column, a small amount of water is spread on the
top of the froth and it is referred to as wash water. A part of the
wash water overflows with the froth bubbles and the remaining
part flows down the froth countercurrent to the gas phase. The
practice of addition of ‘‘wash water’’ in industrial columns
leads to the formation of froths that are as tall as 1 m.17 The
schematic of column froth is shown in Figure 9. The two dis-
tinct zones—the homogeneous bubbly zone and the froth
zone—are separated by a clear froth–liquid interface at which
there is an abrupt increase in the gas holdup to a value of
roughly 60%.7 Further, within the froth, the gas holdup
increases along the height. It is also known that the bubble coa-
lescence occurs and thus the mean bubble diameter increases
along the froth height.

Mathematical Model

Admitting coalescence into a population balance model for
the froth layer requires some discussion of a conceptual nature.
The usual perspective of a population balance model for an
aggregating population envisages particles (bubbles) with
varying velocities (by one or more mechanisms) colliding with
each other and aggregating (or coalescing) if an intervening

film drains off before forces tending to disengage the particles
succeed in doing so. A number balance is made on particles of
specific sizes at each location by accounting for changes
caused by particle motion as well as aggregation between par-
ticles. Such is not the scenario in a froth in which bubbles are
slowly moving in a crowd of fellow bubbles with a coalescence
event occurring, should two (or more) bubbles be deprived of
the film separating them. Details of the hydrodynamics are
complex, defying the formulation of a model with the level of
simplicity that we seek. We present below how a simple popu-
lation balance model can be formulated to describe coales-
cence in the froth layer.

Following Ramkrishna and Borwanker19 or Ramkrishna6,
we view the steady-state coalescence process from a probabil-
istic perspective rather than a population balance. Before we
recall this viewpoint, let us grant that the bubbles are described
by volume as a single internal coordinate and spatial location
at any cross section as external coordinates. The vertical coor-
dinate z may be regarded as an evolutionary coordinate in that
the population density is not to be regarded as a density in this
variable. The bubbles are assumed to be transversely mixed by
turbulent diffusive motion with zero mean velocity along the
cross section and moving upward with velocity ˙Z(z) independ-
ently of their size. This assumption may be justified in the case
of a packed bed of froth bubbles where the velocity of rise of
bubbles is constrained only by the rate at which the bubbles
escape from the top. As the bubbles rise in the froth, their ve-
locity decreases, leading to an increase in the gas holdup. The
transverse mixing of bubbles is assumed to deprive the
expected population density of any dependency on location at
any cross section. The probabilistic viewpoint of the expected
population density f1(x, z) may be described as f1(x, z)dAdx ¼
Probability that there is a bubble (that is, with center) in area
dA with volume in the interval (x, xþ dx). The dual interpreta-
tion implies that the quantity above is also the expected num-
ber of particles with centers in the area dA and volume between
x and x þ dx. The bubble in its vertical climb with velocity ˙Z(z)
through the infinitesimal section of the column between z and z
þ dz is likely to encounter another bubble at another location
along the same cross section with which it could coalesce. The
probability that a pair so located would coalesce is defined to
be b(z)dz. The probability that there are two bubbles along the
same cross section one in area dA with volume x, and another
in a different area dA0 with volume x0 is assumed to be the
product of the individual probabilities, which is an assumption
of statistical independence. Thus by following a methodology
similar to that presented by Ramkrishna and Borwanker19 we
arrive at the following integropartial differential equation:

q
qz

½ ˙Zf1ðx; zÞ� ¼ bðzÞ
2

Zx

0

f1ðx� x0; zÞf1ðx0; zÞdx0

� bðzÞf1ðx; zÞ
Z1
0

f1ðx0; zÞdx0 ð31Þ

We further assume that monosized bubbles enter the froth,
which of course, because of the non-size-selective coalescence
prevents establishment of a distribution of bubble sizes in the
froth. For nonuniform sizes in the feed to the froth section, a
size distribution is not precluded, however.

Figure 9. Schematic of froth in a typical flotation column.
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To obtain the solution of Eq. 31 we define the following
function:

g1ðx; zÞ ¼ f1ðx; zÞ ˙ZðzÞ (32)

From Eqs. 31 and 32, one can write

q
qz

½g1ðx; zÞ� ¼ bðzÞ
2 Z˙ 2

Zx

0

g1ðx� x0; zÞg1ðx0; zÞdx0

� bðzÞ
Z˙ 2

g1ðx; zÞ
Z1
0

g1ðx0; zÞdx0 ð33Þ

Equation 33 admits the following solution:

1

m0ðzÞ
� 1

m0ð0Þ
¼ 1

2

Zz

0

bðz0Þ
Z˙ 2

dz0 (34)

We note that z0 is a dummy variable in Eq. 34 and m0 is the zer-
oth moment of function g1(x, z), defined as

m0ðzÞ ¼
Z1
0

g1ðx; zÞdx ¼ Z˙ ðzÞN0ðzÞ (35)

The second equality on the right-hand side of Eq. 35 arises from
the definition of zeroth moment of number density function:

N0ðzÞ ¼
Z1
0

f1ðx; zÞdx (36)

where N0(z) is the total number density, that is, the number of
bubbles per unit volume at location z.

Further, we note the following two relationships:

˙ZðzÞ ¼ VG

2G ðzÞ (37)

N0ðzÞ ¼ 2G ðzÞ
xðzÞ (38)

Equation 37 defines the gas velocity with respect to stationary
coordinates in terms of superficial gas velocity and the local
gas holdup. In Eq. 38 the total number density at any location z
in the froth is expressed in terms of mean bubble volume at
that location.

From Eqs. 34, 35, 37, and 38 the following expression is
obtained for the variation of mean bubble volume in the froth:

xðzÞ � xð0Þ ¼ 1

2VG

Zz

0

bðzÞ 2G ðzÞ½ �2dz (39)

Equation 39 is an integral equation in b(z), which is solvable as
an inverse problem with due regularization. It is expected that
the bubble transition probability for coalescence with other
bubbles will increase as it climbs through a more packed popu-
lation of bubbles. However, only limited experimental data are
available for the variation of mean bubble sizes and the gas
holdup in the froth that did not allow clear discrimination to
obtain bubble transition probability for coalescence as a func-
tion of z. A constant value for b seems appropriate for the ex-
perimental data of Yianatos et al.7 used in this work. The bub-
ble transition probability for coalescence can now be obtained
from the slope of the graph as shown in Figure 10. The predic-
tions of mean bubble diameter from this model are in confor-
mity with the experimental values as seen from Figure 11. We
note that the experimental data of gas holdup were fitted as a
second-order polynomial in z to enable the solution of Eq. 39
for the constant b.

Figure 10. Determination of transition probability for
bubble coalescence in the froth from the
data of Yianatos et al.7

Note that the transition probability is obtained from the
slope of the best-fit line.

Figure 11. Predictions of the bubble coalescence model
for the experimental data of Yianatos et al.7

~: Experimental values of the gas holdup in the froth. n:
Experimental values of the mean bubble diameter in the
froth. Continuous line for bubble diameter is a prediction
based on b ¼ 6.54 � 10�10 m3/s; continuous line for the gas
holdup is a best-fit second-order polynomial in z.
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Conclusions

(1) The population balance model is developed for the
homogeneous regime of operation of continuous bubble col-
umn, taking into consideration bubble expansion in the column
and neglecting bubble coalescence and breakup. In particular,
the model can be applied to tall flotation columns in mineral
processing industries where the column operates in the homo-
geneous regime and bubble expansion along the column height
is significant. The model essentially captures the effect of
superficial gas velocity, superficial liquid velocity, bubble rise
velocity, operating pressure, and column height on the average
gas holdup. An axial profile of gas holdup is also obtained. The
predictions of this model are in excellent agreement with the
experimental data available from the literature.

(2) Axial variation of mean bubble diameter and the gas
holdup in the froth is addressed by considering the steady-state
coalescence process from a probabilistic perspective and
considering a constant transition probability for bubble coales-
cence.

Notation

b ¼ constant defined by Eq. 3, dimensionless
dB ¼ bubble diameter, m

f1(x, z) ¼ number density of bubbles of volume x at location z, m�6

g ¼ acceleration arising from gravity, m/s2

H ¼ height of gas–liquid dispersion, m
H0 ¼ height of liquid column, in the absence of gas flow, m
Ha ¼ pressure head acting on the top of the column, m
m ¼ Richardson–Zaki index, dimensionless
N0 ¼ number of bubbles per unit volume, m�3

uL ¼ interstitial liquid velocity, m/s
x ¼ bubble volume, m3

_X ¼ rate at which bubble volume increases, m3/s
VG ¼ superficial gas velocity, m/s
VL ¼ superficial liquid velocity, m/s
VS ¼ slip velocity, that is, relative velocity between bubbles and liquid,

m/s
z ¼ axial location in the column, m
_Z ¼ bubble rise velocity with respect to stationary coordinates, m/s

Greek letters

b ¼ transition probability for bubble coalescence, m3/s
d ¼ Dirac-delta function

f0 ¼ gas holdup at the sparger region, dimensionless

2G ¼ gas holdup, dimensionless

2G ¼ average gas holdup, dimensionless

2L ¼ liquid holdup, dimensionless

2L ¼ average liquid holdup, dimensionless

rG ¼ gas density, kg/m3

rL ¼ liquid density, kg/m3
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